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Lagrangians. 



1 Introduction 

The entropy of black holes can be calculated with the well known Bekenstein- 
Hawking formula 

Sbh^^, (1) 

where A represents area of black hole horizon. In fact generalisation of this formula 
is given in [1] for general interaction of the form 

L = L{gab, Rated, DRabcd, ^A, ^Ip, ■■■) ■ (2) 

Here refers to matter fields and dots refer to derivatives up to order m. In that 
case the entropy is given with the relation [1] 

S = -2n ( eE'^'^'^Vatncd ■ (3) 
Jn-inc 

Here 7i n C is a cross section of the horizon, ri^t denotes binormal to 7i n C, e is 
induced volume element on 7i n C and 

T^abcd OL dL . . dE , 

= 75P ^"iTkT R ^ •••(-) V(ai...„^)7|=7 p • (4) 

Otiabcd 0\ a^riabcd OV (^a^. . .a„^) n,atcd 

The problem of microscopic description of black hole entropy was approached by 
different methods like string theory which treated extremal black holes [2] or e.g. loop 
quantum gravity [3]. An interesting line of approach is based on conformal field 
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theory and Virasoro algebra. One particular formulation was due to Solodukhin who 

reduced the problem of _D-dimcsional black holes to effective two-dimensional theory 
with fixed boundary conditions on the horizon. The effective theory was found to 
admit Virasoro algebra near horizon. Calculation of its central charge allows then to 
compute the entropy [4, 5]. An independent formulation is due to Carlip [6, 7, 8, 9] 
who has shown that under certain simple assumptions on boundary conditions near 
black hole horizon one can identify a subalgcbra of algebra of diffcomorpliisms which 
turns out to be Virasoro algebra. The fixed boundary conditions give rise to central 
extensions of this algebra. The entropy is then calculated from Cardy formula [10] 

= 2n^(^-4A,)(A-^) . (5) 

Here A is the eigenvalue of Virasoro generator Lq for the state we calculate the 
entropy and Ag is the smallest eigenvalue. In that way the entropy formula (1) for 
Einstein gravity was reproduced. In this lecture we want to investigate if such mi- 
croscopic interpretation is possible for more general type of interaction. We shall 
first treat Gauss-Bonnet gravity using Solodukhin method and then using Carlip 
method. The latter method will allow us to treat more general cases. These are de- 
scribed with Lagrangian which is allowed to have arbitrary dependence on Riemann 
tensor but not on its derivatives, more precisely 

L = L{gab, Rabcd) ■ (6) 

In that case the tensor takes the form 

Tjabcd 

OHabcd 

We note that interesting new posibilities and open questions arise for interpretation 
of black hole entropy. For discussion in the Gauss-Bonnet case see e.g. [11, 12, 13, 
14, 15, 16]. 



2 Effective CFT near the horizon 

Now we turn our attention to particular microscopic derivation of entropy of black 
hole, which was first done in [4] for the Einstein gravity, and then extended to general 
D-dimensional Gauss-Bonnet (GB) theories in [5]. General GB action* is given by 

[D/2] „ 

^GB =-'^^rr^ / d'^ Xyf^Cm{g) , (8) 
m=0 

where GB densities Cm{g) are 

r ( „\ — \ I ^PlCTl...PmCT-m Dfiivi TjlJ'mVm ( Q\ 

We take Aq = (cosmological constant), because wo shall sec that this term is 
irrelevant for our calculation. Coupling constant Ai is related to more familiar D- 
dimcnsional Newton gravitational constant Gd through Ai = (1QttGd)~^ ■ 

Also known as Lovelock gravity. 
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We neglect matter and consider 5- wave sector of the theory, i.e., we consider 

only radial fluctuations of the metric. It is easy to show that in this case (8) can 
be written in the form of an effective two-dimensional "generalised higher-order 
Liouville theory" given with 

[-D/2] 

/GB = n.-. E A.(^^ / d\V^r-^-^ [1 - iSrfr' 

m=0 

X |2m(m - ly [(VaVtrf - {V^rf] 

+2m{D - 2m)rVV [l - [Vrf] + m7^r^ [l - {Vrf] 

-{D-2m){D-2m-l)[l-{T7rfY^ . (10) 

We now suppose that black hole with horizon is existing and we are interested in 
fluctuations (or, better, quantum states) near it. In the spherical geometry apparent 
horizon H (a line in a-plane) can be defined by the condition [17] 

{Vr)\=^''''dardir\^ = 0. (11) 

Notice that (11) is invariant under (regular) conformal rcscalings of the effective 
two-dimensional metric jat- Near the horizon (11) is approximately satisfied. It is 
easy to see that after partial integration and implementation of horizon condition 
(Vr)^ m 0, (10) becomes near the horizon approximately 

m 9M f 
7gb = -nu-2 ^ A^ (g_2^_2)! / 

m— 



If we define 



< - (Z.-2m)(D-2^-l) ^-^ + ^ ^ (^^) 



[D/2] 



■ {D - 2m) 

and make reparametrizations 

, 2<?2 



where q is arbitrary dimensionless parameter, the action (12) becomes 

\q$H<l>n - V{<l>) 



(15) 



This action can be put in more familiar form if we make additional conformal 

reparametrization: 

%i, = e i-^h , (16) 

Now (15) takes the form 
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-^GB = - / d^x^f^ 



i(V0)2-ig<^^^^ + (7(0) 



which is simmilar to the Liouville action. The difference is that potential U(4>) is 
not purely exponential which means that the obtained effective theory is not exactly 
conformaly invariant. 

Action (17) is of the same form as that obtained from pure Einstein action. In 
[4] it was shown that if one imposes condition that the metric 7ab is nondynamical 
then the action (17) describes CFT near the horizon^. We therefore fix jab near the 
horizon and take it to be a metric of a static spherically symmetric black hole: 

ds\2) = Jatdx^dx'' = -f(w)dt^ + , (18) 

where near the horizon f{wh) = we have 

f{w) = |(w -Wh) + {{w - Whf) . (19) 

We now make coordinate reparametrization w z 

- In h 0(w - Wh) (20) 



f[w) 2 /o 
in which 2-dim metric has a simple form 

ds%) = fiz) {-dt" + dz") , (21) 
and the function / behaves near the horizon {zh = — oo) as 

f{z) « foe'^^^ , (22) 

i.e., it exponentially vanishes. It is easy to show that equation of motion for which 
follows from Eqs. (17), (21), (22) is 

{-di + d^,) 4> = \qMf + fU'{cj>) « O {^^'^) , (23) 

and that the "flat" trace of the energy-momentum tensor is 

-Too + = \q^h (-a? + dl) 4> - fU{^) ^ O (e^^/") , (24) 

which is exponentially vanishing near the horizon^. From (23) and (24) follows that 
the theory of the scalar field exponentially approaches CFT near the horizon. 

Now, one can construct corresponding Virasoro algebra using standard proce- 
dure. Using light-cone coordinates z± = t ± z right-moving component of energy- 
momentum tensor near the horizon is approximately 

T++ = {d+<pf - ^q$^,dU + ^5+-^ • (25) 

'' Carlip showed that above condition is indeed consistent boundary condition [7]. 
^ Higher derivative terms in (10) make contribution to (24) proportional to 
/(V0)2 « o(exp(2«//3)). 
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It is important to notice that horizon condition (11) implies that r and cj) are (ap- 
proximately) functions only of one light-cone coordinate (we take it to he z+), which 
means that only one set of modes (left or right) is contributing. 

Virasoro generators are coefficients in the Fourier expansion of T++: 



-I 



d2e""""/'T++ , (26) 

i/2 



where we compactified ^-coordinate on a circle of circumference £. Using canonical 
commutation relations it is easy to show that Poisson brackets of T„ 's are given with 

i{T„,T^}pB = {n- m)Tr,+m + \<f'^l [n"" + n [i^^ j ^n+mfi ■ (27) 

To obtain the algebra in quantum theory (at least in semiclassical approximation) 
one replaces Poisson brackets with commutators using [,] = j?i{,}pBi and divide 
generators by Ti. Prom (27) it follows that "shifted" generators 
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where 



^" = T + ^ (2^) 



c = W^, (29) 



satisfy Virasoro algebra 

[Ln,Ljn] = (n — m)L„+m + (ra^ — n) 5n+m,o (30) 

with central charge c given in (29). 

Outstanding (and unique, as far as is known) property of the Virasoro algebra 
is that in its representations a logarithm of the number of states (i.e., entropy) with 
the eigenvalue of Lo equal to A is asymptoticaly given with Cardy formula (5). If 
we assume that in our case Ag = in semiclassical approximation (more precisely, 
Ag <C c/24), one can see that number of microstates (purely quantum quantity) is 
in leading approximation completely determined by (semi) classical values of c and 
Lo- Now it only remains to determine /i. In a classical black hole solution we have 

r = w = 'Wh + {w- Wh) w + foe^^^'^ , (31) 

so from (14) and (13) follows that near the horizon (p « (ph- Using this configuration 
in (26) one obtains To = 0, which plugged in (28) gives 



(32) 




Finally, using (29) and (32) in Caxdy formula (5) one obtains 

C £ TT 2^^h 
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Let us now compare (33) with classical formula (3), which for GB gravities can be 
written as [18] 

(34) 



Sqb = ^ mXm <j> d° '^Xy^£m-l{gi, 
m=l 



Here gij is induced metric on the horizon, and densities Cm are given in (9). In the 
sphericaly symmetric case horizon is a (-D — 2)-dimensional sphere with radius ru 
and R{gij) = -{D -2){D - 3)/rl, so (34) becomes 

47r v-^ (D-2)! n-2m „ 

Sgb = -j-no-2 ^ mXmj^^.r = 2n- (35) 

7n=l 

Using this our expression (33) can be written as 

£ 

Sc = Yp^GB , (36) 

so it gives correct result apart from dimensionless coeficient, which can be deter- 
mined in the same way as in pure Einstein case [7]. First, it is natural to set the 
compactification period £ equal to period of Euclidean-rotated black hole^, i.e., 

£ = 2-Kl3 . (37) 

The relation between eigenvalue A of Lo and c then becomes 

One could be tempted to expect this relation to be valid for larger class of black 

holes and interactions then those treated so far. 

To determine dimensionless parameter q we note that our effective theory given 
with (17) depends on effective parameters $h and /3, and thus one expects that q 
depends on coupling constants only through dimensionless combinations of them. 
Thus to determine q one may consider A2 = case and compare expression for 
central charge (29) with that obtained in [9], which is 

where = Oo-2r^~^ is the area of horizon. One obtains that 

9^ = - . (40) 

One could also perform boundary analysis of Ref. [9] for GB gravity (see Appendix 
of [5]). This procedure gives A = $^/h which combined with (29) and (38) gives 
(40). 

Using (37) and (40) one finally obtains desired result 

Sc = Sgb ■ (41) 

Let us mention that there were other approaches to calculation of black hole 
entropy using Virasoro algebra of near-horizon symmetries of effective 2-dim QFT 
(see [19]). 

^ We note that our functions depend ordy on variable z+, so the periodicity prop- 
erties in time t are identical to those in z. 
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3 Covariant phase space formulation of gravity 



As mentioned before there is another method in which one is not using dimensional 
reduction. The emphasis will be in assuming appropriate boundary conditions near 
horizon of black hole. In this approach it will turn out to be useful to use the covariant 
phase space formulation of gravity [20, 21]. For this reason we shall here review it 
shortly for any diffeomophism invariant theory with the Lagrangian £>-form 

L[$] = eL{0) . (42) 

Here $ denotes collection of fields, e is the volume D-iorm. Then one can calculate 
the variation 

5L[0] = 5E[0]<50 + d&[(f), 50] . (43) 

The (-D — l)-form, called symplectic potential for Lagrangians of type (6) was shown 
in [1] to be 

©pai,...a„_2 = 2eara,...an-2{E'"''''^ddgbc - V dE^'^'^Sgbc) . (44) 

To any vector field ^ we can associate a Noether current (D — l)-form 

J[^] = 0[0,£j0]-4-L, (45) 
and the Noether charge {D — 2)-form 

3 = dQ. (46) 
For all difFeomorphism invariant theories the Hamiltonian is a pure surface term [1] 



6H[^]= / (5Q[C]-^0[<^,<5<^]). (47) 

JdC 

The integrability condition requires that a {D — l)-form B exists with the property 



5 [ ^ • B = / ^ . , (48) 

JdC JdC 

where C is a Cauchy surface. Then (47) can be integrated to give 

Hm= [ (QK]-^B). (49) 

JdC 

As bulk terms of H vanish, variation of H[^] is equal to variations of boundary 
term J[Q. As explained in [9, 22], that enables one to obtain the Dirac bracket 

{J[ii],Jl^2]}D= [ (6-0[0,Ai0]-6-0[0,A20]-6-(6-L)), (50) 

Jac 

and the algebra 

= J[{6,6}] + , (51) 

with K as central extension. 
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Using (44), we get a more explicit form 



-I 

Jd 



eava,-a„_, ( S''''^'' Vd^igtc - dE''''^%gbc - (1 « 2)) 

ac 

6 • (ei • L) . (52) 



4 Boundary conditions on horizon 

The main idea of the second approach mentioned in the introduction is to impose 
existence of KilUng horizon and a class of boundary conditions on it proposed by 
Carlip [9] for Einstein gravity. (For alternative discussions of this method see also 
[23, 24, 25, 26, 27]). Wo shall assume the validity of those boundary conditions 
also for the interactions treated in this paper. The Killing horizon in D-dimensional 
spacetime M with boundaxy dM has a Killing vector with the property 

= ffa6X"x'' = at dM . (53) 

One defines near horizon spatial vector Qa 

V„x^ = -'2KQa . (54) 

We require that variations satisfy 

^53,6^0, x't'Sg^i^O as ^ . (55) 

Here x" and Qa are kept fixed, t°' is any unit spacelike vector tangent to dM. One 
considers diffeomorphism generated by vector fields 

e = Tx" + Rq" , (56) 
Boundary conditions together with the closure of algebra imply 

R=^x'^aT , e"VaT = 0. (57) 

An additional requirement will be necessary as already explained in [9]. With the 
help of acceleration of an orbit 

a = xVbx" , (58) 

we define 

ie = ~. (59) 
X^ 

We ask that 

5 / e(/t- t^k) = . (60) 

Jac Ixl 

This condition will (see last section) guarantee existence of generators H[(\ and 
for diffeomorphisms (56) will imply 
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eT=0, (61) 

IdC 

and for one parameter group of diffeomorphisms the orthogonality relations 



lac 



In this way 
and 



(62) 

lac 

In order to calculate central term from (51) we shall use equation (52) where we 
shall integrate over {D — 2)-dimensional surface Ti. D C which is the intersection 
of Killing horizon with the Cauchy surface C. In addition to Killing vector x" we 
introduce other future directed null normal 

N" = k"-- ax" - t" , (63) 

where is tangent to 7^ PI C, and 

Cbcai...a^_2 ~ Cai ■ ■■a^_2 ^bc ; (65) 
2 

Vab = ^X[bNc] = -p-Mpi ^[aX61 +<[aX6] ■ (66) 

IXI II ^1 

We proceed now to evaluate the first term of the integrand of (52) in the leading 
order in ■ Using boundary conditions we can derive the following relation 

f T kT 

Vd<5ffa6 = VdVa^(, + VdV6ea = -2XdXaX(.— +2xdX(af?i,)(^-^+2-r) . (67) 

X4 i^X^Q^ X* 

After a straightforward calculation and using symmetries of which are those 

of Riemann tensor we obtain for the first term in (52) 

Js"''^V6r?cd(2KT2ri - ^^) -(1^2) + O(x') . (68) 

Z K 

In fact this is the main contribution because wc shall show that other terms near 
horizon are of the order of x? . That is obvious for the third term because Lagrangian 
is expected to be finite on horizon. The second term after using (56) and (66) reads 

^i^[i(T2Ti - rif'2)xc - (Tir2 - T2n)Qc]VdE'''""' . (69) 

We want to exploit the fact that x is a Killing vector. For this purpose it would be 
desirable to connect Vd with V^- We assume that "spatial" derivatives are O(x^) 
near horizon (see Appendix A of [9]), which implies 

Q 



Prom (64) 



V. = j^V^ - lellxlVfc . (71) 
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This last equation because of consistency with (57) implies 

We are able now to exploit the existence of Killing vector 
or 

y^^abcd _ ^fbcd^^^a _ ^afcd^^^b _ ^abfd^^^c _ E'^f^^^fX'^ = , (74) 

But due to our boundary conditions up to leading terms in 

Va b ^ / a b b a\ /rrrx 

X = -j(x Q -X Q ) , (75) 

A, 

we get 

/ a 7-1 fhcd a 7-, fbcd b 7-1 facd , b t~i facd 

+ XfQ'Ef'""' - x^QfE^'""" + XfO^E^""" - x" QfE^""'') . (76) 

Here 

a= i(T2Ti -Tifz), /3 = -(Tif2-T2Ti) , (77) 

K 

After multiplication we find two classes of terms. One class contains terms like 

^ TTy^f Qh 1 Ti^abcd 1 j-^abcd /^o\ 

-^XeQfXaQhE = —xiaQb]Xlced]E = -VabVcdE , (78) 

and such terms are finite but come always in pairs and cancel. All other terms are 
of the form 

1 T-^abcd 
-^XaXbQcQdE 

and due to antisymmetry properties of iJ"'"^'' they vanish. We conclude that only 
first term in (52) contributes to { >/[C2]}i3- Thus after antisymmetrizing in 1 
and 2 we obtain 

{J[iA J[i2]}D = \ ( ia^...a^_,E^'''%abr}cd X 



iHnC 



X 



-{Ti T2 -T2 fi) - 2/v(TiT2 - T2ti) 

K 



(79) 



The Noether charge 

Qc3...c„ = — e<i6c3...c„ V[cCdl , (80) 



becomes after similar calculation 



1 T 

Qc3...c„ = --E'''""'r]abncdi'2KT )ec3...c„ , (81) 

2 K 



which gives us 
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^[{6,6}] = / eai...a„_,i5"''"'wd X (82) 

^ June 

X [2K(Tir2 - T2T1) - i (T1T2 - fiT2 + Ti r2 - Ti T2)] . (83) 
Prom (79), (82) and (51) follows central charge 

K[iui2] = -\ I ta,...a^_^E^^'%abn.d-(f^f2 - TlTa) . (84) 
^ June 



5 Entropy and Virasoro algebra 

The main idea is that constraint algebra (51) can be connected to the Virasoro 
algebra of diffeomorphisns of the real line. For that purpose we need to introduce 
another condition. Denote with v the parameter of orbits of the Killing vector 

X"VaV = 1 . (85) 

Let us consider functions T\ , T2 of u and "Killing angular coordinates" Oi on horizon 
such that they satisfy 

\ I iTi{v,e)T2iv,e) = ^ [ dvTi{v,e)T2{v,e) . (86) 

^ Jnnc 27r J 

Here A = f , ^ e is the area of the horizon and 2i is the period in variable v of 
functions T{v,9). In particular for rotating black holes 

X" = t" + ^^2.V'?, (87) 

where is time translation Killing vector, i/;," are rotational Killing vectors with 
corresponding angles Vi and angular velocities Qi. We shall sometimes, instead of 
variables t, V'i connected with orbits of f^Ttpf, work with variables {v,6i) connected 
with orbits of Xa,9i ~ '4'i- Then v = t, 6i = ipi — QiV, and we choose for diffeomor- 
phism defining functions T„ 

r„ = -e'^^^'^+E'-^-^ (88) 
where U are integers. These functions are of the form 



T„(v,e) = ^e'"'^'Vn(ei). (89) 



They satisfy 



5n+m,0-^' (90) 



and in particular 

A 

At this point classical Virasoro condition can be checked in the form 



4" / ^fnfrn = Sn+rn.O ■ (91) 
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{Tm,Tu} = -i{m - n)Tm+r. . (92) 

We also see that condition (86) is fulfilled and thus enables us to obtain full Virasoro 
algebra with nontrivial central term K\Tm,Tn] which can be calculated from (84) 



where 



iK[Tm,Tn] = - 4-mSm+n,0 , (93) 

K on 

A=^( ta^^.a^.^E^'^^nabncd ■ (94) 

8^ June 

Here we have used the property that metric does not depend on variables Oi on 
which diffeormophism defining functions T„ depend. That enabled us to factorize 
the integral in (84). Finally, we obtain the Virasoro algebra 

{JKi], JM}d = {m- n)J[Tm+n\ + ^m^5m+nfi , (95) 

and central charge is equal to 

— = — -. (96) 

12 87r K ^ ' 

Now we want to calculate the value of the Hamiltonian. This is given with the first 
term in relation (49) where the second term can be neglected*. The first term can 

be caleulatcd from (81) and 

To = 1 . (97) 

Thus 

J[To] = ^ / ta,...a„.,E'^'"'%M^ , (98) 

or 



HnC 



A = ,7[T„] = . (99) 

K 

We are now able to use Cardy formula (5) and obtain following expression for entropy 



(100) 



It is remarakable that entropy is proportional to classical classical entropy with a 
dimensionless constant of proportionality. We assume for the period of functions T„ 
the period of the Euclidean black hole [9, 5, 28, 29, 30, 31, 32], which implies 



and 

^=4 



^ 2n [ ia,...an_^E'''""'r,abVcd ■ (102) 

Jnnc 



As in Einstein case, condition (60) enables us to factorize ^ • into 
E'^'"^''riab'ncdS {terms that vanish on shell), which together with (48) implies that 
J £. ■ B vanishes on shell 
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As mentioned in the Introduction this derivation is valid for Lagrangian of gen- 
eral form L — L(gab,Rabcd)- Let su take the example of Gauss-Bonnet gravity (8) 
Corresponding tensor E"'^'^'^ is then 

Consequently 

S = -4nSl^^mXm j iLm-i ■ (104) 
For the well known case of Einstein gravity 

S=j, (105) 

where A is area of black hole horizon. 



6 Conclusion 

We conclude that idea of conformal symmetry near horizon can be useful to interpret 

the black hole entropy. This idea can be used in two different ways which are both 
described in this text and they are consistent with each other when applied to Gauss- 
Bonnet gravity. The second method, which can be applied in more general cases, 
consists in assuming appropriate boundary conditions near Killing horizon. One can 
then identify a subalgebra of diffeomorphism algebra as a Virasoro algebra with 
nontrivial central charge. From Cardy formula one can then determine the entropy. 
In this way wo obtain the microscopic interpretation of entropy i.e. in terms of the 
number of states in Hilbert space. This result can be obtained for special cases of 
Einstein gravity [9], Gauss-Bonnet case [33, 5, 34] and for a more general class 
of Lagrangians [34]. It is remarkable that in all these cases including the general 
case treated here one obtains the classical expression for entropy [1]. These results 
suggest that conformal symmetry and Virasoro algebra could give further insight in 
exploring quantum mechanical properties of black holes. One is encouraged also to 
follow this approach due to recent proposals for its physical interpretation from the 
point of view of induced gravity [35] and an independent geometrical interpretation 
based on properties of the horizon [36, 37]. 
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